A REFINED LUECKING'S THEOREM AND FINITE-RANK 
PRODUCTS OF TOEPLITZ OPERATORS 



TRIEU LE 

Abstract. For any function / in L°° (B), let Tf denote the correspond- 
ing Toeplitz operator the Bergman space A 2 (D). A recent result of D. 
Luecking shows that if Tf has finite rank then / must be the zero func- 
tion. Using a refined version of this result, we show that if all except 
possibly one of the functions fi,...,f m are radial and T/ x • • • T/ m has 
finite rank, then one of these functions must be zero. 



1. Introduction 

As usual, let B denote the unit disk and T denote the unit circle in the 
complex plane C. Let dA denote the Lebesgue measure on B which is nor- 
malized such that the unit disk has total mass 1. We have dA(z) = ^dxdy, 
where z = x + iy for x,y real. We write L 2 for L 2 (B, dA). The Bergman 
space A 2 is the subspace of L 2 that consists of holomorphic functions. It is 
well-known that A 2 is a closed subspace of L 2 . The standard orthonormal 
basis for A 2 is {e m : m = 0,1,...}, where e m (z) = \/m + 1 z m for any 
non-negative integer m. Let P denote the orthogonal projection from L 2 
onto A 2 . For any function / £ I 2 , the Toeplitz operator with symbol / is 
denoted by Tf, which is densely defined on A 2 by Tfip = P(ftp) for tp G H°° 
- the space of all bounded holomorphic functions on B. The operator Tf is 
in fact an integral operator by the formula 

(T f <p)(z) = [ f j^&^ dA(w), for z e B,<p G H»°. 
J (I — wzy 

D 

If / is a bounded function then Tf is a bounded operator on A 2 with \\Tf\\ < 
ll/lloo and (Tf)* = Tf. However, unbounded symbol can also give rise to 
bounded Toeplitz operators. In fact, since Tf is an integral operator with 
f (w*) 

kernel ^— ^ for z, w € B, we see that if / G L 2 supported in a compact 

(1 — wz) z 

subset of B then Tf is a compact operator on A 2 . 
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A function / on B is called a radial function if we have f(z) = f(\z\) for 
almost all z E B. If / E L 2 is radial then using polar coordinate we see that 

{T f e m ,e k ) = y/(m + l)(k + l) [ f(z)z m z k dA(z) 

Jo 

JO if m ^ k 

~~ 1 (m + 1) Jo 2/(i)t 2m+1 di if m = Jfe 

{0 if m A; 

(m + 1) Jq 1 /(r 1 / 2 )r m dr if m = k. 

This shows that the operator Tf is diagonal with respect to the standard 
orthonormal basis. The eigenvalues of Tf are given by 

u(f, m) = (T f e m , e m ) = (m + 1) / /(r 1/2 )r m dr, m = 0, 1, . . . . (1.1) 

JO 

It follows from Stone- Weierstrass's Theorem that if / G L 2 such that Ty 
is the zero operator then / must vanish almost everywhere in B. On the 
other hand, the problem of determining whether there exists a nontrivial 
finite rank Toeplitz operator on A 2 was open for quite a long time. Recently 
D. Luecking has found an elegant proof that gives the negative answer to 
this problem. 

There is an extensive literature on Toeplitz operators on the Hardy space 
H 2 of the unit circle. We refer the reader to [9] for definitions of H 2 and 
their Toeplitz operators. In the context of Toeplitz operators on tf 2 ,it was 
showed by A. Brown and P. Halmos [3] back in the sixties that if / and g are 
bounded functions on the unit circle then T g Tf is another Toeplitz operator 
if and only if either / or g is holomorphic. From this it is readily deduced 
that if /, g E L°°(T) such that T g Tf = then one of the symbols must 
be the zero function. In contrast with this, for Toeplitz operators on the 
Bergman space, it has not been known if it is true that for f,g G L°°(B), 
TgTf = implies g or / is the zero function. Affirmative answers have 
been obtained by researchers only in special cases. In pQ, P. Ahern and 
Z. Cuckovic answered this problem affirmatively with the assumption that 
both / and g are bounded harmonic functions on B. Later in [3], Cuckovic 
was able to show that if /, g are bounded such that / is harmonic and 
g(re l6 ) = Ylm=-oo 9k(r)e im6 for z = re l6 G D, then T g Tf = implies either 
/ = or g = 0. The case one of the symbols is a bounded radial function 
has also been understood. See [2] and [7j for more details. In fact, in [7], 
the author was able to show that if all except possibly one of the functions 
fx,. . . , Jm are bounded radial functions and Tf x ■ ■ ■ Tf M = then one of 
these functions must be zero. 

A more general problem than the above zero product problem is the 
finite rank product problem. Recall that the above mentioned theorem of 
Luecking shows that if / G L 2 such that Tf has finite rank then / is the zero 
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function. What happens if T g Tf has finite rank, where / and g are bounded 
measurable functions on the unit disk? The answer to this general question 
seems to be still far from completed but the following important case has 
been understood: If / and g are bounded harmonic functions then one of 
them must be the zero function (K. Guo, S. Sun and D. Zheng [6]). The 
purpose of this paper is to report the same answer in some other special 
cases. 

In the first part of this paper, we use Luecking's Theorem to show that if 
/, g are functions in L 2 where / satisfies a certain condition and T g Tf (which 
is densely defined on A 2 ) has finite rank, then either / = or g = 0. In the 
second part of the paper, we prove a "refined" version of Luecking's Theorem 
and use it to show that if f\ , . . . , f mi and g\ , . . . , g m2 are radial functions in 
L°° and / is a function in L 2 such that T gi ■ ■ ■ T gm TfTf x ■ ■ ■ Tf m (which is 
densely defined on A 2 ) has finite rank, then one of the above functions must 
be zero. 



2. Finite rank products of two Toeplitz operators 

We begin this section with a detailed discussion of the decomposition 
L 2 = ® m€Z Ke ime , where 

7Z = {u : [0, 1) — > C such that / \u(r)\ 2 rdr < oo}. 

Jo 

This decomposition has been used by Cuckovic and Rao in their studies of 
Toeplitz operators (see Section 2 in [5]). Let / G L 2 (B). Then for almost 
all r G [0,1), the function ( i-> /(<) for C G T is in L 2 (T, ^d<9). Since 
j^m . m g 2} is an orthonormal basis for L 2 (T, -^d#), we have 

oo ^ r 
/«)= E / f(re W )e- ime d9)( m , 

m=—oo q 

where the sum takes place in L 2 (T). For m G Z, define 

f m (r) = ^f f(re- imd )d0, < r < 1. 
o 

Then the above representation becomes (with £ = e lS ), 

oo 

f(re ie )= fm(r)e [me . (2.1) 

m=— oo 
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This representation holds for almost all r S [0, 1) and for such r, the sum 
on the right hand side takes place in L 2 (T). Now we have 

1 2tt 


\. oo 

= / ( E \fm(r)\ 2 )rdr 

q TYi— — OO 

OO \ 

= E / \fm(r)\ 2 rdr. 

m=—oo q 

This shows that f m £ 1Z for all m £ 7L and the right hand side of (|2.ip 
converges in I? (D) . Therefore the representation (|2.ip in fact takes place in 
L 2 (B). 

The following theorem is our first result in the paper. 

M 

Theorem 2.1. Suppose f G L 2 with f(re 10 ) = Yl fm(r)e imd for z = re l6 , 

m=— oo 

where M is an integer. Assume that L fM(r)r k dr ^ for all k > N, where 
N is a positive integer. If g 6 L 2 such that T g Tf (which is densely defined 
on A 2 ) has finite rank then g is the zero function. 

Proof. Recall that A 2 (B) has the orthonormal basis {e m : m = 0,1,...}, 
where e m (z) = \/m + 1 z m for any non-negative integer m. For any non- 
negative integers k, I we have 



(T f e k , ei ) = #+I)(m) J f(z)z k z l dA(z) 

b 

i 

= y/(k + l)(l + l) J ^f(re id )e i ^ e de)r l +l+, dr 



o 

i 



#+I)(m) / /^(r)r fc+m dr. 



By assumption about /, (T/e^, e;) = whenever I — k > M. Thus for € N 
such that /c + M > 0, we have 

OO 

T f ek = y~]( T f ek > ei ) ei 

1=0 

k+M J. 
= v^TT E (v^ + T / //-fc(r) fc+ ' +1 dr)e ; 

i=0 n 
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V(fc + l)(M + fc + l)( J f M (r)r 2k+M+1 dr 



fc+M-l 



+ v^+l J] (VITT f /,- fc Wr W+1 dr)e, 

This shows that when k + M > 1 and 2/c + M + 1 > N, et+M can be written 
as a linear combination of {Tfe^} U {eo, . . . , efc + j\/_i}. 

Now suppose T g Tf has finite rank and let {ipi, . . . , ^a - } is a set that spans 
TgTfiV) where V is the space of all polynomials in the variable z. Then for 
any non-negative integer k with k + M > 1 and 2k + M + 1 > N we see that 
T g e k+M is a linear combination of {<p x , . . . , tp K } U {T g (e ), . . . ,T 5 (e fc+A f_;L)}. 
From this, it follows by induction that T g is a finite rank operator. By 
Luecking's Theorem [8] or a refined version of it (see Theorem 13. II in Section 
[3]), we see that g is the zero function. □ 

Remark 2.2. If f(z) = h(z) +p(z, z) where h G A 2 and p a polynomial in 
two variables then f can be written in the form in the hypothesis of Theorem 
\2.1[ Therefore, Theorem \2.1\ shows that if T g Tf is of finite rank for some 
g G I? then either f or g is the zero function. 

3. A refined Luecking's Theorem and finite rank products of 

TOEPLITZ OPERATORS 

We begin this section by a refined version of Luecking's Theorem whose 
proof is greatly influenced by Luecking's argument. For the rest of the paper, 
let V denote the space of all polynomials in the variable z. 

Theorem 3.1. LetS C N (N denotes the set of all non-negative integers) so 
that X^sgs 5Ti < 00 • Let M be the subspace ofV spanned by the monomials 
{z m : m G N\5} and let J\f* = {g : g G AA}. Let v be a complex regular 
Borel measure on C with compact support. Let T v be the operator from M to 
the space of linear functionals on M* by T u f(g) = J c fgdv for all f,g& M ■ 
Then T u has finite rank if and only if the support of v is finite. 

Proof. For any z G C, let 5 Z denote the point mass measure concentrated 
at z. Since T„_„({ })5o = Tu — ^({0})T,5 , we see that T u has finite rank if 
and only if T^^myn,^ has finite rank. So without loss of generality, we may 
assume that ^({0}) = 0. 

If the support of v is contained in a finite set {z\, . . . ,zat_i} for some 
N >2, then T v = Yl?j=i u {{ z j})T& z . ■ Hence T v has rank less than N. 

Conversely, suppose T u has rank less than N. Following Luecking's argu- 
ment in [HI p. 3], we see that for any /i, . . . , /at and gx,...,gjy in M, 

N 

/ l\Mzi)det(g i (z j ))du N (Z)=0, (3.1) 

Jcn r=i 
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where Z = (zi, . . . , zn) G and v N is the product of N copies of /i on 

Let mi, . . . , mjv and ki,...,k^ be non-negative integers. Let 

Z = {s G N : s + mj £ S and s + kj <£ S for all 1 < j < N} 

= N\((uf =1 (5 - Try)) U (uf =1 (S - k 3 ))) . 

Since ^ jj^ < oo we have ^ < oo. This shows that 

ses seN\z 

Et^t = »- < 3 - 2 > 

sez 

Now for any s G the monomials /j(.z) = £ m j+ s and fl'j(z) = z k i +s for 
j = 1, . . . ,N are not in jV. So we may use f)3. 1 1) to get 

AT 

0= / TTz / mi+s det(^ +s )d l / 7V (Z) 

iv 

= / TT^rdet(^)ki---^| 2s d^(Z) 

= / T[zpdet(z* i )\z 1 ...z N \ 2s di; N (Z), (3.3) 



where TV = {Z = (zi,...,Zn) G : zi---z^ = 0}. The last identity 
follows from the fact that v N (W) = 0. 

Let IK denote the open right half plane consisting of all w with $t(w) > 
and let IK denote the closure of IK in C. For any w G IK, define 

JV 

FH= / TT^det(^)ki---^| 2, "d^(Z). 
./C»\W " 

Here, for a positive number t and a complex number i/j, t w = exp(u;logt) 
where log is the principal branch of the logarithmic function. 

Suppose the measure v is supported in the disk D(0, R) of radius R > 
centered at the origin in the complex plane. Then v N is supported in the 
polydisk Dn(0,R) of the same radius centered at the origin in C^. Then 
for any w G IK and any Z = (zi, . . . , zn) in the above polydisk, we have 

\\z 1 ---z N \ 2w \=\z 1 ---z N \ mM <R 2N ^ {W) . 

Therefore, 

N 

\F(w)\ = / ff zp det(^)|zi • • • z N \ 2w du N (Z) < CR 2NU{W \ 

Jd n (Q,R)\W fj[ 

where C is a constant independent of w. It follows that F is not only defined 
on K but also continuous on IK. Now an application of Morera's Theorem 
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shows that F is analytic onK. Let G{w) = F(w)R~ 2Nw for iogK, then G 
is continuous, bounded on K and analytic on IK. Now define 

F(C) = G(i±|) (|C|<1). 

Then if is a bounded analytic function on the unit disk. For any s £ Z, 
equation (|3.3|) and the definitions of F, G show that G(s) = F(s) = 0, which 
implies JET(f=i) = 0. Now 

S>1 S>1 

Corollary to Theorem 15.23 in [10] shows that H is identically zero on the 
unit disk. Hence G and F are identically zero in K. In particular, F(Q) = 0, 
which shows that 

N 



[ f[^det(^)d^(Z) = 0. 



1=1 

Since mi, . . . , mjv and fei, . . . , /cat were arbitrary non-negative integers, we 
conclude that (|3.ip holds for all /i, . . . ,/jv and fll, . . . , gjv in P. Following 
Luecking's argument again p2 Section 4 and 5], we conclude that the support 
of ^ is finite. □ 

Now let S and M be as in the hypothesis of Theorem 13. 1[ Let A4 denote 
the subspace of V spanned by {z m : m £ S}. Let M. (respectively, J\f) 
denote the closure of M. (respectively, H) in A 2 . 

Corollary 3.2. Suppose f G L 2 so the operator Tf is densely defined on 
A 2 . If Tf{M) C Span(.M U {(fx,. . . , Pn}), where <pi, . . . , ifN G A 2 , then f 
is the zero function. 

Proof. Let Pj^ (respectively, Pfj) denote the orthogonal projection from 
A 2 onto M. (respectively, AT). Then we have Pjq- = 1 — Pj^ and hence 
P M P M = P M P M = °- B y replacing cpj by ipj - Pj^fj if necessary, we may 
assume that ipj _L M for 1 < j < N. By using the Gram-Schmidt process if 
necessary, we may assume that the vectors (p% , . . . , ipw are orthonormal (we 
may have fewer vectors after using Gram-Schmidt process but let us still 
denote by N the total number of the vectors). 

N 

For any p in M we have Tfp = Pj^Tfp + ^ (Tfp, (fj)<Pj- This shows that 

N N N 

p tf( T fP) = Y, l \ T fP^ L Pj) p M L Pj = YjiTfPiVjWj = Y J l \fP^ L Pj) L Pj- Then for 

3=1 3=1 3=1 

any q in ]\[, we have 

N 

fpq dA = (T f p,q) = (P M (T f p),q) = ^2(fp,<Pj)(<Pj,q)- 



/. 
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Let dv = fdA. Then the map T u from M to the space of linear functionals 
on J\f* defined by T u p(q) = f n pqdu = L fpqdA for p, q G M is of finite 
rank. Now Theorem 13.11 shows that the support of v is finite, which implies 
that f(z) = for almost all □ 

Theorem 3.3. Suppose ft, . . . , f mi and g%, . . . ,g m2 are radial functions in 
L°° none of which is the zero function. Suppose f is a function in L 2 such 
that T gi ■ ■ ■ Tg m2 TfTf 1 ■ ■ ■ Tf (which is densely defined on A 2 ) is of finite 
rank, then f must be the zero function. 

Proof. For any h G {ft, . . . , f mi ,gt, ■ ■ ■ ,9m 2 }, the operator T h is diagonal 
with eigenvalues u(h, m) given by (jl.lj) for m = 0, 1, — Let Z(h) = {m G 
N : u(h,m) = 0}. Since h is not the zero function, Miintz-Szasz's Theorem 
(see pm Theorem 15.26]) shows that ^ < 00 • 

rneZ{h) 

Let S = Z{f x ) U • • • U Z(f mi ) U Z{ gi ) U • • • U Z(g m2 ). Then we have 
^2 < 00 • Let N (respectively, M.) is the subspace of V spanned by 

m£cS 

{e m : m G N\5} (respectively, {e m : m G S}). Recall that V denotes the 
space of all analytic polynomials in the variable z. 

Put Si = T fl ■ ■ ■ T fmi and S 2 = T gi --- T gm2 . For tp G A 2 we have 

00 00 
S2V =T gi --- T 9m2 ( ^2(<p, e,)ej) = J^wfoi, 3) ■ ■ ■ u;(g m2 , j){<p, e^ej. 
3=1 3=1 

Hence if S2P = 0, then uj(g\,j) ■ ■ ■ u;(g m2 , j)(ip,ej) = for all j G N. It then 
implies that (ip, ej) = whenever j G N\<S. Thus ker(52) C M.. 

On the other hand, if j G N\«S then u(ft,j) • • • Lu(f mi ,j) ^ 0, and hence, 

' ' = «>(fi,j)-u>(f mi ,j) Tfl ' ' ' Tfmi <J = ^ /:../)•••-./,,• .ys' V "'' 

This shows that J\f C S\{M) C St(V). Hence the domain of the operator 
S2TfS\ contains V ', which is dense in A 2 . 

Now suppose that S2TfS\{V) is of finite dimensions, spanned by the set 
{ut, • • • , un}. Let Vj G A 2 such that S2Vj = Uj for j = 1, . . . , N. It then 
follows that TfSt(V) is contained in Span(ker(S < 2) U {vt, ■ ■ ■ ,fjv}), which is 
a subspace of Span(A4 U {vi, . . . , vn}). But as we have seen above, M is a 
subspace of S\{V). So we conclude that Tf(M) C Span(A4 U {vt, ■ ■ ■ , vjv})- 
Corollary 13.21 then implies that / is the zero function. □ 

Remark 3.4. Suppose S C N such that YlseS Tn < 00 • Let Af (respec- 
tively, M) is the subspace of V spanned by {e m : m G N\5} (respectively, 
{e m : m G S}). From the proof of Theorem \3.3\ we see that if Si,S2 are 
bounded operators on A 2 such that M C Si(V), ker(S , 2) C M and ^T/jSi 
has finite rank then f must be zero. This shows that the conclusion of The- 
orem HOI remains valid if fj(re ie ) = /j(r)e 1Sj6 ' and gk{re l9 ) = g~k(r)e ltke for 
bounded functions fj,g\ on [0,1) and integers Sj,tk, for 1 < j < mi,l < 

k < 77t2. 
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